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Abstract: We shall review conformal gravity as a gauge natural theory and discuss the consequences of
Weyl covariance on the definition of physical states.
1. Introduction
In the literature there are two types of transformations which are often called conformal
transformations.
The first class of transformations are maps in a Riemannian manifold (M, g) which preserve
angles or, equivalently, they preserve inner products up to a scalar field ϕ, which is called the
conformal factor, namely diffeomorphisms Φ ∈ Diff(M) such that
(Φ∗g)(v, w) = g(Φ∗v,Φ∗w) = ϕ(x) · g(v, w) (1.1)
for any two vector fields v, w ∈ X(M).
The second class of transformations, which we call Weyl tranformations are gauge transfor-
mations which change the metric to a different metric g˜ = ϕ ·g, without affecting the spacetime
point. These are vertical transformations on the configuration bundle Lor(M) of Lorentzian
metrics on M .
The first class is often used in conformal theories which are field theories on Minkowski space-
time which are covariant with respect to a bigger group than the Poincare´ group which includes
conformal transformations. The second class is used to consider generally covariant theories
with an extra gauge symmetry corresponding to the Weyl transformations. Of course, there
is no point in considering conformal transformations in a generally covariant theory which is
already covariant with respect to any spacetime diffeomorphism, hence including conformal
transformations.
In [1] and [2] we discussed superpotentials for the so–called conformal gravity; see also [3].
There we found the expression for superpotential of the theory described by the Lagrangian
LW = a
√
g W αβµνWαβµν = a
√
g
[
3RαβµνRαβµν − 6RµνRµν +R2
]
(1.2)
where the Weyl tensor W is defined as
Wαβµν = Rαβµν −
(
gα(µRν]β − gβ(µRν]α
)
+ 13Rgα[µgν]β (1.3)
Usually in the literature the Lagrangian (1.2) is considered in the “equivalent” form
L∗W = 2a
√
g
[
3RµνRµν −R2
]
= LW − 3aG (1.4)
which is obtained by subtracting a Gauss-Bonnet term
G =
√
g
[
RαβµνRαβµν − 4RµνRµν +R2
]
(1.5)
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Although the Gauss-Bonnet term is known to be a local divergence and as such it does not
affect field equations, neglecting it is a particularly bad idea, since the Gauss-Bonnet term is
generally covariant, but not Weyl covariant. Accordingly, while total Lagrangian LW is Weyl
covariant, the “simplified” Lagrangian L∗W is not, which is not a good thing if one wants to
study conservation laws.
About Weyl covariant theories there was recently a discussion about the physical content of
the gauge covariance with respect to Weyl transformations; see [4], [5]. We in fact confirmed
what they argued in a simpler example, that Noether currents induced by Weyl transformations
for the Lagrangian (1.2) are identically zero off-shell. Accordingly, as argued in [4] they fail to
define gauge transformations in Hamiltonian framework so that Weyl transformations do not
seem to play a role for field equations, for conservation laws or for the definition of the physical
state.
Hereafter we shall review Weyl covariant theories within the framework of gauge natural
theories; see [6]. This is important since within the framework of gauge natural theories one
has a standard treatment of conservation laws (see [7]) which has proven to be able to solve
a number of issues traditionally connected to conservation laws in generally covariant theories
(e.g. the anomalous factor; see [8]) as well as to connect to recent important issues (e.g. the
definition of entropy of gravitational system; see [9], [10] and references quoted therein).
The purpose of this paper is to discuss within this framework the issue related to the physical
state; see also [11]. In particular we shall argue that even when gauge symmetries do not give
information in field equations or conservation laws they still constrain the definition of physical
states of the theory by considering different configurations as physically equivalent.
2. Gauge natural setting for conformal gravity
The action of Weyl transformations and spacetime diffeomorphisms is captured by the action
λ : GL(m)× R× L→ L : (J, l, gab), 7→ g′ab = exp(l)J¯ cagcdJ¯db (2.1)
of the group GL(m)×R on the set L of non-degenerate forms of Lorentzian signature η = (3, 1).
If we wish to see Weyl transformations as gauge transformations one should define a structure
bundle P to be a R-principal bundle and use the action (2.1) to define an associated gauge
natural bundle, namely
C = (L(M)× P )×λ L (2.2)
where L(M) denotes the general frame bundle; see [12], [13] for gauge natural bundles.
For a pair coordinate systems (xµ, eµa) on the frame bundle L(M) and (x
µ, l) on P one can
define fibered coordinates (xµ, gµν) on C by setting gµν := exp(l) e
a
µgabe
b
ν .
If we change coordinates on the structure bundle
x′µ = x′µ(x) l′ = ω(x) + l e′µa = J
µ
ν e
ν
a (2.3)
the coordinates on C change accordingly as
x′µ = x′µ(x) g′µν = e
ω(x)J¯αµ gαβ J¯
β
ν (2.4)
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As one sees from equation (2.3) transition functions on P are affine transformations on the
fiber R; accordingly, the bundle P is principal and affine at the same time. Being it affine it
allows global sections, being it a principal with global sections it is trivial. This holds true for
any R-principal bundle; any R-principal bundle is necessarily trivial. As a consequence any two
R-principal bundles are isomorphic being both trivial.
An automorphism on P is locally described as
x′µ = x′µ(x) l′ = ω(x) + l (2.5)
This induces an automorphism on L(M) by natural lift
x′µ = x′µ(x) e′µa = J
µ
ν e
ν
a (2.6)
and one on the associated bundle C
x′µ = x′µ(x) g′µν = e
ω(x)J¯αµ gαβ J¯
β
ν (2.7)
which in fact combines a diffeomorphism and a Weyl transformation.
One–parameter flows of automorphisms on P are described by right invariant vector fields
Ξ = ξµ(x)
∂
∂xµ
+ ζ(x)ρ ρ =
∂
∂l
(2.8)
where ρ is a right invariant pointwise basis for vertical vectors on P . They induce a one
parameter flow on C which is generated by vector fields in the form
Ξλ = ξ
µ(x)
∂
∂xµ
− (∂µξαgαν + ∂νξαgαµ − ζgµν) ∂
∂gµν
(2.9)
Given a manifold M one can choose an atlas with transition functions Jµν which are the
Jacobians of coordinate changes. Given a Jacobian one can define a group homomorphism
i : GL(m)→ R : J 7→ ln(det(J)) (2.10)
Then one can define a natural bundle P (M) = L(M)×i R which is R-principal too. Since, as
we discussed above, there exists only one R-principal bundle up to bundle isomorphisms, then
any R-principal bundle P is in fact trivial and isomorphic to P (M) and hence any R-principal
bundle P is in fact natural.
Given a (torsionless) connection Γαβµ onM , then one can define the coefficients Γµ = Γ
α
αµ which
transform as
Γ′µ = Γ
′α
αµ = J
α
ǫ
(
ΓǫρσJ¯
ρ
αJ¯
σ
µ + J¯
ǫ
αµ
)
= J¯σµ (Γσ − dσ ln(J)) (2.11)
They accordingly define a principal connection on P , namely
θ = dxµ ⊗ (∂µ − Γµρ) (2.12)
Then any symmetry generator Ξ can be split into a horizontal and a vertical part
Ξ = ξµ (∂µ − Γµρ)⊕ (ζ + Γµξµ)ρ = ΞH ⊕ ΞV (ζV = ζ + Γµξµ) (2.13)
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as well as into a natural and a vertical part
Ξ = (ξµ∂µ + ∂αξ
αρ)⊕ (ζ − ∂αξα) ρ (2.14)
Let us stress that the second decomposition, namely (2.14), has nothing to do with a connection
and it is canonical in view of the canonical natural structure on P (M). It splits the one
parameter flow of transformations (2.5) into a flow of diffeomorphisms and a flow of Weyl
transformations, this splitting being canonical and global.
The splitting is also induced on C obtaining
Ξλ =
(
ξµ∂µ − (∂µξαgαν + ∂νξαgαµ − ∂αξαgµν) ∂
∂gµν
)
⊕ (ζ − ∂αξα) gµν ∂
∂gµν
= ξˆ ⊕ ΞW (2.15)
In fact one can now recover the framework for conformal transformations in this more general
framework. One can in fact define a generator of conformal transformations to be the vector
field ξ = ξµ∂µ such that one has
∂αξ
αgµν = ∂µξ
αgαν + ∂νξ
αgαµ (2.16)
which makes a global sense when C is trivial, i.e. when M is parallelizable as, e.g., when
M = Rm.
On the contrary, the splitting (2.14) makes always a global sense. It is a fortunate situation
of having a gauge and a natural structure at the same time which makes the theory peculiar
and allows one to canonically define the action of Weyl transformations and spacetime diffeo-
morphisms on fields. Of course this is not the case in a general gauge natural theory and this
is when conformal theories become peculiar.
One then defines a field theory by selecting a dynamics with the Lagrangian (1.2) that is
both generally covariant and Weyl covariant in this precise sense. In any event, this is a gauge
natural theory for the gauge group R and one can apply the general framework for conservation
laws. The superpotential for the symmetry generator Ξ is then
U =
2
3
{(
6∇[λRµ]ǫ −∇[λRδµ]ǫ
)
ξǫ +
(
Rgν[µδλ]ǫ + 6R
ν[λδµ]ǫ + 3Rǫ
νλµ
)
∇νξǫ
}
dσλµ (2.17)
where dσλµ is the local standard basis for (m− 2)-forms induced by coordinates.
One can see that the superpotential is not dependent on ζ and in fact it depends only on the
natural lift of the spacetime vector field ξ. In this sense it is independent of Weyl transforma-
tions.
3. Hole argument and the physical states
The hole argument was originally discussed by Einstein in terms of boundary problems and
by Hilbert in terms of initial condition problems; see [14], [15]. We here argue that, when
considered in terms of the Cauchy problem, the hole argument poses constraint in the definition
of the physical state; see [16].
In order to have a well-posed Cauchy problem one needs to start with a globally hyperbolic
spacetime, i.e. a manifold M which can be foliated over R. That amounts to require existence
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of the so–called ADM fibration τ : M → R. Since R is contractible the ADM bundle is trivial
and M ≃ R× Σ for some 3d manifold Σ describing the space.
The Cauchy problem is defined by giving initial conditions on a fibre τ−1(t0) = Σt0 ≃ Σ, which
is called a Cauchy surface. Field equations split in a well-posed Cauchy problem and in an
elliptic constraint; for any initial condition satisfying constraints, then the Cauchy problem fixes
uniquely the evolution of fields. Doing that some of the fields are uniquely determined, some
are left undetermined. The typical situation in GR and gauge theories is having a description
of the system which is overdetermined (because of constraints) and underdetermined (because
of the fields left undetermined) at the same time.
The undetermined fields are the mathematical description of our gauge freedom in describing
the physical system. They are the price we have to pay for a gauge covariant description of
physics. For any choice of these undetermined fields one can build a solution of the original
(gauge covariant) field equations, which thence is not unique.
The hole argument pin points this non-uniqueness of solutions directly. We shall hereafter
state the hole argument for Weyl transformations. By minor modifications that applies to any
other gauge symmetry as well as general covariance. If one considers a Weyl transformation
Φ which restricts to the identity in a neighbourhood D of a Cauchy surface Σ0, then called
a Cauchy transformation, and a solution σ, then σ′ = Φ∗σ is a solution as well (being Φ a
symmetry) and it preserves the initial conditions on Σ0 (since Φ is the identity around Σ0).
Then the solution of field equations is not uniquely determined by initial conditions.
Being this situation quite ubiquitous in physics it seems that determinism is condemned:
knowing the world today at the initial condition does not allow to predict its description at
different time uniquely, and this is directly linked to gauge symmetries. Every time we have a
symmetry group in which there exist transformations which can be the identity within D and
non-trivial out of D (which is what we call gauge symmetries) then solutions are not unique.
There is only two possible ways out (beside giving up determinism). First, theories with gauge
symmetries are forbidden or, second, the configurations σ and σ′ describe the same physical
state.
In order to pursue the second possibility and take it seriouosly, one needs in fact to define a
group of transformations G which preserves the physical state (so that two configurations σ and
σ′ represent the same physical state iff there exists Φ ∈ G such that σ′ = Φ∗σ).
Then if G is a subgroup of the symmetry group S, field equations are compatible with the
quotient induced by G and they induce equations for the physical state which is defined as
equivalence classes of configurations with respect to the action of G. Moreover, if G contains
all Cauchy transformations the equations induced on the quotient space for the physical state
are deterministic solving the hole argument at the level of physical state if not at the level of
configurations.
By quotienting out all Cauchy transformations, we mean at least the group D generated by
Cauchy transformations since the relation defining the physical system needs to be an equiva-
lence relation. In other words, one needs to define G so that
D ⊂ G ⊂ S (3.1)
We shall hereafter argue that for Weyl transformations one has D = S so that the only option
is G = S and hence two configurations differing by a Weyl transformation do define the same
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physical state. Our proof does not extend to general diffeomorphisms; see [11].
Let us prove that any Weyl transformation Φ on the configuration bundle C or, equivalently,
on the structure bundle P is the composition of two Cauchy transformations. Let us fix an
ADM structure on spacetime and consider fibered coordinates (t, xi). The Weyl transformation
Φ, being a vertical transformation in the structure bundle P , reads as
x′ = x l′ = ω(t, x) + l (3.2)
Let us consider two smooth functions ϕ± : R→ R, called step-functions, that obey the following
properties
i) ϕ±(t) ≥ 0;
ii) ϕ+(t) + ϕ−(t) = 1;
iii) ϕ+(t) = 1 for t > 1 and ϕ+(t) = 0 for t < −1;
By using the step functions we can split the Weyl transformation Φ as two Weyl transforma-
tions Φ± defined as
x′ = x l′ = ϕ±(t) · ω(t, x) + l (3.3)
As a consequence of the properties of step-functions, the transformations Φ± are Cauchy
transformations. In fact, Φ+ is the identity in the region M− = τ−1(−∞,−1) (which is in fact
a neighbourhood of some Cauchy surface, e.g. Σ− = τ−1(−2)), Φ− is the identity in the region
M+ = τ
−1(1,+∞) and Φ = Φ+ ◦ Φ−.
Since any Weyl transformation sends a physical state into itself then two conformal metrics are
the same physical state in conformal gravity. Accordingly, conformal gravity has less physical
states than standard GR. In fact, the Ricci scalar transforms under Weyl transformations as
ϕR˜ = R− 3
ϕ
ϕ+
3
2ϕ2
∇ǫϕ∇ǫϕ (3.4)
Accordingly, one can easily find a conformal factor ϕ for which R and R˜ are different. Since the
scalar curvature is a diffeomorphism invariant, this shows that g˜ and g are two configurations
which are conformally equivalent though not diffeomorphic equivalent. Then the two metrics
g and g˜ represents the same physical state in conformal gravity, but two different states in
standard GR.
4. Conclusions and perpectives
We here considered conformal gravity as a gauge natural theory and discussed conservation
laws. Although we confirm that Noether currents with respect to Weyl transformations identi-
cally vanish off-shell as claimed in a simpler case in [4], we also argue that nevertheless conformal
gravity is not equivalent to standard GR as far as the definition of physical state is concerned.
Further investigations are needed to highlight the meaning of the vanishing of Noether currents
and to clarify the physical meaning of the conserved quantities in conformal gravity, (which are
in fact conformally invariant quantities).
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